We investigate theoretically the transition from two to three dimensions in a weakly interacting ultracold Fermi gas. This transition was recently observed by Dyke et al. [Phys. Rev. Lett. 106, 105304 (2011)] in a cloud of fermionic 6 Li atoms trapped in an oblate harmonic potential. We calculate the density distribution and cloud size of the Fermi cloud by numerically solving three-dimensional Hartree-Fock mean-field equations. Local density approximation is used to ease the calculations in the weakly confined radial direction. Our theoretical results are shown to be in good agreement with the experimental measurements.
I. INTRODUCTION
Interacting Fermi gases in two dimensions are of great interest. Exotic states of matter emerge because of the reduced dimensionality. For example, high-temperature superconductors are often found in quasi-two-dimensional (2D) materials [1] . Inhomogeneous Fulde-Ferrell-Larkin-Ovchinnikov superfluidity has been evidenced in quasi-2D heavy fermion superconductors [2] . Novel fermionic Berezinksii-KosterlitzThouless superfluidity is anticipated to occur in a 2D interacting Fermi gas [3, 4] , which differs dramatically from the standard three-dimensional (3D) fermionic superfluidity.
Ultracold atomic Fermi gases offer unique opportunities to explore these exotic states of matter, where the dimensionality and interatomic interaction can be precisely controlled [5, 6] . The engineering of a collisional (Feshbach) resonance has already led to the observation of crossover from a BoseEinstein condensate (BEC) to a Bardeen-Cooper-Schrieffer (BCS) superfluid [7] [8] [9] . At present, BEC-BCS crossover is a highly topical research direction in the field of either ultracold atoms or condensed matter physics [6] . The engineering of dimensionality in ultracold atomic Fermi gases has also received intense attentions. A handful of experimental groups around the world have already begun pursuing 2D and quasi-2D atomic Fermi gases [10] [11] [12] . At Swinburne [11] , a single 2D harmonic trap was prepared in isolation and was used to create a single 2D Fermi cloud that can be expanded for imaging. The dimensional crossover from 3D to 2D was clearly seen in a weakly interacting two-component optically trapped 6 Li Fermi gas. Characteristic steps in the cloud size [i.e., the root mean square (rms) radii], which are associated with the filling of discrete energy levels along the tightly confined direction, were identified. The experimentally observed shell structure was well captured by a mean-field Hartree-Fock theoretical calculation.
In this paper, we present the details of the mean-field Hartree-Fock analysis used in the experimental work for describing the dimensional crossover. We explain how to solve the mean-field Hartree-Fock equations in a highly oblate harmonic trap by applying a local density approximation * hhu@swin.edu.au (LDA) for the weakly confined radial direction. In addition to discussing the experimentally measured cloud size, we analyze theoretically the emergence of shell structure in the density profile with an increasing total number of fermions. The influence of a nonzero but low temperature, which always exists experimentally, has also been investigated. These predictions may be observable in future experiments with improved spatial resolution for density profiles and with improved controllability on temperatures.
II. MEAN-FIELD MODEL OF DIMENSIONAL CROSSOVER
Let us consider a weakly interacting spin-1/2 Fermi gas confined in an oblate trapping potential V T (r) = m(ω
2 )/2, with an aspect ratio λ = ω z /ω ⊥ 1. We use a contact interaction gδ(r − r ) between fermions with unlike spins, in which, to the lowest Born approximation, the interaction strength g = 4πh 2 a s /m is given by a 3D s-wave scattering length a s . To the leading order, a weak interaction may be taken into account using the Hartree-Fock mean-field theory, in which the wave function of an individual fermion with spin σ (=↑ , ↓) is described by
The last term on the left-hand side of the above equation gives a self-consistent field generated by fermions with opposite spinsσ . Here nσ (ρ,z) is the density distribution for theσ spin component. The reliability of mean-field theory and the use of a constant interacting strength is discussed in Sec. II B. We note that with contact interaction, the Hartree-Fock approximation becomes identical to the Hartree approximation. The exchange Fock term is absent, as there is no interaction between fermions with the same spins.
The solution of the mean-field Hartree-Fock equation, (1) , is manageable within the current computation technique. However, in our case of a highly oblate trapping potential, it is more convenient to use a semiclassical LDA along the weakly confined radial direction [13] . This amounts to approximating (r) ∝ e ikρ ψ n z (ρ,z), where ψ n z (ρ,z) changes fairly slowly in the radial coordinate ρ so that ∇ 2 ρ ψ n z (ρ,z) ≈ 0 and n z is a quantum number describing the axial motion. Therefore, we may denote collectively the wave function and energy using quantum numbers (n z ,k,ρ). The mean-field Hartree-Fock equation becomes
and the single-particle energy is given by
The density distribution takes the form
where the chemical potential μ σ is to be determined by the number of fermions in each spin state N σ :
The integration over the momentum k can be worked out explicitly, leading to
Equations (2), (5), and (6) form a closed set of equations, which can be solved under given parameters such as temperature T , number of fermions N σ , and s-wave scattering length a s . Numerically, in harmonic traps it is convenient to use the natural trap units. In the calculations, we may takehω ⊥ as the unit for energy and the harmonic oscillator length a ⊥ = √h /(mω ⊥ ) as the unit for length. This is equivalent to settingh = k B = m = ω ⊥ = 1. We note that, due to the tight confinement, the harmonic oscillator length along the axial direction, a z = √h /(mω z ), is much smaller than a ⊥ .
A. 2D regime
The 2D regime is reached if both the chemical potential and the temperature are lower than the energy spacing in the axial direction, i.e., μ σ hω z and k B T hω z , so that all the fermions stay in the lowest axial mode. In the absence of interactions, the single-particle energy spectrum is given by = (n x + n y + 1)hω ⊥ + (n z + 1/2)hω z = [(n x + n y + 1) + λ(n z + 1/2)]hω ⊥ , where n x , n y , and n z are nonnegative integers. It is easy to see that, for λ 1, at zero temperature the first excited axial mode will be occupied if the number of fermions in the single spin state N σ is larger than a critical number λ(λ + 1)/2. Therefore, for a two-component Fermi gas with equal spin populations (N ↑ = N ↓ ), the 2D regime can be roughly reached if the total number of atoms N satisfies
In the Swinburne experiment [11] , the aspect ratio λ ≈ 60, corresponding to a critical number N 2D ≈ 3600.
In the 2D regime, the LDA density profile of a noninteracting balanced Fermi gas at zero temperature is given by n(ρ) = max{n TF ( 
B. Weak contact interactions
In the dimensional crossover from 3D to 2D, we have assumed a constant interaction strength g = 4πh 2 a s /m, which means that the interatomic collisions still keep their 3D character. This assumption is reasonable provided that the scattering length a s is much less than the length scale in the tight confinement a z . The Swinburne experiment used a Fermi gas of 6 Li atoms at a magnetic field B = 992G. m. Thus, the ratio |a s /a z | 0.3 < 1. Our assumption of a constant interaction strength therefore appears to be marginally sound. A more rigorous treatment of interatomic collisions should take into account the confinement along the z direction, following the recent work by Wouters and Orso [14, 15] , where the scattering of two atoms near a Feshbach resonance in the presence of a 1D periodic potential is considered. This is to be explored in future studies, together with a more complete treatment of interactions beyond mean field [16] . Naïvely, we anticipate that the correction to the use of a constant g is of the order of o(|a s /a z |). We check this point later in the limit of a true 2D regime, by comparing the prediction on cloud size with that obtained by a full treatment for interactions. Our Hartree-Fock mean-field treatment is useful for weak interactions only. To ensure its validity, let us now estimate the dimensionless interaction parameter that corresponds to the real experimental condition. In the vicinity of the 2D regime (N ∼ N 2D ), the maximum density n is given by the 2D peak density n TF = √ N/(πa 2 ⊥ ). The interaction energy may be estimated using E int = gn/2. Therefore, the dimensionless interaction parameter can be taken as,
Away from the 2D regime (N N 2D ), it is more reasonable to use a dimensionless interaction parameter k F a s , where k F = (24Nλ) 1/6 /a ⊥ is the 3D Thomas-Fermi wave vector at the trap center. At N = 5N 2D , we find that k F a s ≈ −0.67 < 1.
Therefore, according to the experimental conditions [11] , the Fermi gas is indeed weakly interacting near the 2D regime. However, when it crosses over to three dimensions, the interaction becomes stronger. Qualitatively, we anticipate that our mean-field treatment will break down if N > 30N 2D ≈ 10 5 , which corresponds to k F a s > 1.
III. RESULTS AND DISCUSSIONS
We have calculated the density profiles and cloud size as functions of the number of fermions N and the temperature T . These two parameters have been experimentally tuned [11] . For other parameters, such as the harmonic oscillator length a ⊥ and the s-wave scattering length a s , we fix them to the corresponding experimental values, which are invariant in the experiment [11] .
A. Zero temperature
In Figs. 1(a) and 1(b) , we show, respectively, the axial density distributions (at ρ = 0) and transverse (radial) density distributions (at z = 0) at three numbers of fermions: N/N 2D = 0.2, 1, and 5. The density and distance are normalized by the 2D Thomas-Fermi density n TF and radius ρ TF , respectively. In the 2D regime (N/N 2D = 0.2 and 1), with an increasing number of atoms, we find that the shape of axial and radial distributions is essentially unchanged. There is a slight increase in density near the trap center due to attraction, but the maximum radius of the cloud remains the same. In contrast, away from the 2D regime (N = 5N 2D ) the axial distribution becomes broader as a result of the occupation of excited axial modes. Accordingly, the cloud size in the transverse direction shrinks because of the increasing attraction. For comparison, we also show the ideal-gas results without interaction, represented by the thin dashed lines. The density profile is significantly affected by the interaction.
In Fig. 2 , we report the z dependence of radial density distributions. In the 2D regime [ Fig. 2(a) ], away from the center z = 0, the density decreases exponentially. On the contrary, the decrease in density is much slower for a crossover cloud with Fig. 2(b) ]. In addition, a kink appears clearly in the distributions at ρ 0.6ρ TF , corresponding to the occupation of the first excited axial mode.
In Fig. 3 , we present the rms cloud size as a function of the total number of atoms. Predictions for the weakly interacting Fermi gas and an ideal, noninteracting gas are shown by the open circles and solid lines, respectively. The radial cloud width is plotted, and the inset shows the axial cloud width. In the 2D regime, for a weakly interacting gas, the axial cloud decreases slightly upon an increase in the number of atoms, while the radial cloud size is well described by
where [ ρ
3 is the rms cloud size for an ideal 2D Fermi gas. When the number of atoms increases further and crosses over to the 3D regime, we anticipate that more and more axial modes will be occupied and thus a shell structure will appear in the cloud size [11] . Indeed, there is a clear signature for the shell filling in the axial cloud size for an ideal Fermi gas, as indicated by the arrows in the inset in Fig. 3 . The existence of a weak attractive interaction reduces the cloud sizes, in both the axial and the radial directions, and makes the shell structure less visible. Nonetheless, departing from the 2D regime, there is a clear dip in the axial cloud size. The radial cloud size also deviates clearly from the 2D behavior as predicted in Eq. (10) .
In closing this section, we note that the rms cloud size of a weakly interacting 2D Fermi gas, with a full treament of the z-axis confinement on interatomic interactions, is given by [18] [
where η = ln(k F a 2D ) is the dimensionless 2D interaction parameter and a 2D ≡ 2 2D scattering length [17] . Here, B 0.915 and γ 0.577216 is the Euler constant. It is easy to check that
where the second term in brackets is about 1 in the 2D regime, much smaller than the leading term − √ π/2(a z /a s ) 4.2. By keeping the leading term only, we find that Eq. (11) is idential to Eq. (10). Thus, we justify the use of a constant interaction strength in the limit of a true 2D regime.
B. Finite temperatures
We now consider a finite but low temperature. Experimentally, the temperature of a Fermi cloud is low and cannot be determined precisely [11] . In terms of the 3D Fermi temperature T F,3D = (3Nλ) 1/3 /k B , the experimental temperature is estimated to be below 0.1T F,3D .
In Fig. 4 , we report the temperature dependence of a weakly interacting Fermi gas in the 2D regime with N = N 2D . As the temperature T increases to 0.5hω z , the density decreases and the radial distributions become broader. However, the axial cloud sizes remain roughly the same, since the temperature is still well below the thresholdhω z for thermally populating the first axial mode.
In Fig. 5 , we show the rms cloud size of a dimensional crossover Fermi gas at different temperatures. With increasing temperature, the cloud size increases as anticipated and its dependence on the number of atoms becomes smooth. In particular, the dip structure in the axial cloud size at T = 0, regarded as a clear signature for the dimensional transition into a 2D regime, is completely washed out at 0.15T F,3D .
IV. CONCLUSIONS
In summary, we have presented a mean-field Hartree-Fock theory for a harmonically trapped weakly interacting Fermi 053624-4 gas in the dimensional crossover from two to three dimensions. The crossover was realized experimentally by using a highly oblate harmonic trap and by tuning the number of atoms below and above a 2D threshold N 2D . We have analyzed in detail the density distributions and cloud sizes of a weakly interacting Fermi gas at the crossover, at both zero temperature and finite temperature. Our zero-temperature result for the rms cloud size has been previously shown to yield excellent agreement with the experimental data and has been used to confirm the emergence of a shell structure in the cloud size [11] . Our predictions on the density distributions and on the temperature effects are to be investigated in future experiments with improved spatial resolution in imaging of the density profiles and with improved controllability of temperatures.
